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to EO n p n ~ o n t o d  in their ~ h m l  coordinate 
f- by uming a m l t y  funct ion optimization 
approMh. It  r u D d l r  tnooo a i x d  CoMtraint 
fuactiolu io a very computationally e f f i c i en t  anb 
f l e ~ i b l o  w r .  Th. aethad m boon impleuntod 
ia a Coquter D u i g n  ( C W )  sof tuare  ~ C K . B O ,  
cal lmi  OPT1911 11, w i t h  extonrive io torac t ive  
&rapbiC8 cap .b i l i t i00  m c h  BI1tLaIlCO its prac t ica l  
uno. B u r p l e o  uo prooontod o f  its appl icat ion to  
planning tb. m t i o M  of a sir de6ree-of-freodom 
a r t i c u l a t e d  manipulator performing taau in a 
typ ica l  highly s t r u c t u n d  environment. Results 
anou that subs t an t i a l  improverant io system 
p o r f o ~ c o  can be acniovod wrth the tecnniquo. 

Tho Buic Time Optimal  Control A l n o r i t u  

Tho bu ic  t i m e  optimal control  i b o r i t h m  is 
d o r i v d  Fa Reference8 7 to 10. The a l g o r i t m  
obtain8 the  own loop to rquea / fo rc~o  fo r  the t i n o  
optimal motion of a gorural  s i x  degree-of-froodor 
manipulator d o n g  a proacribod patn subjoct to 
actuator coaatrainta  (- F i g u n  1 ) .  The a lgo r i tb .  
alao providoa optimal j o i n t  posi t ions a d  
voloc i t ioo  fo r  cloaod loop oontrol.  The method is 
appl icablo to a a u i p u h t o r a  r i t b  r ig id  linrs f o r  
wnich tho d w c  model and the j o i n t  zoordinrtoo 
can bo d e f i n d  f o r  any point on the path. 
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Fig .  1 .  A Sir Dogroo-of-Tredom .Xanipulator i n  its 
Environmant 

Folloring the u t h o d  i n  Roforances 7 t o  10, tne 
d y ~ m i c o  equations of tao w r p u l n t o r  are  f i r s t  
wr i t ten  in toms of tno j o i n t  posi t ron vectar  , 9. 
and i ta t i n e  dorivat ives  &. Tho vectar  3 ia: 

Sinco the path is a kmun function of 5, the j o in t  
variable. a and 6 k expressed in t e n 8  of the 
distance along t80 path, 3. and tnt) ~ A Q  velocity 
and acc i le ra t ion  along tne path, 3 and 5 .  u s i n g  the 
k i n e m  t i c  t ransfomat ion  from rorn-space 

coordinates,  p, to  tho w i p u l a t o r  j o in t  aagloa. 9: 

- P(S1 - E(g) ( 1 )  

uhero 3 is 
or ien ta ta t ion  of trio e n d - i f d c t o r .  i l i f f e r e n t i a t i q  
Zqrution (1 J tv ico  With respect to t a m  NXI solving 
for 4 and ;j y i s l i s :  

ix.r,t.~,.e ,9 lT. toe posi t ion and 

wnero tne r u b s c r i p t s  s and e denote p a r t i a l  
d8rivat ivos sitn respoct to tho sa la r  S and voctor 
1, respoctivoly. Using Squation sot ( 2 2 ,  the  
dynamics t B q U t i O a s .  u r i t t e o  in t o m s  of 2, 3 and jj 
can bo t r a n a f o r n d  into: 

( 3 )  

where a. b md c i r o  funct ioor  of the manipulator 's  
luneaatio stucturo.  E(9) and i t a  der ivat ivoa,  and 
tno p a r t i a l  d o r i v a t i v u  * i th  respec% to S. The 
vector 1 is compoaed of the actuator a f fo r t s .  Tho 
i t a  actuator  r t u r a t i o n  . l i m t a r  T~~~ and T-, 
m y  bo f W t i O M  3f 2 .nd 1: 

Rofenoce d r igorously *om that the time to 
travorse tho path from tho g i v m  i n i t i a l  condition 
to tho raquirod f i n d  sondi t ioc  v i 1 1  k minim1 if 
the a ~ i p u l a t o r ' r  acceleration,S.is eq-1 to eithor 
its m a x i m u m  p m i s o i b l o  va lue ,  S,, o r  its m i n i m u  
p o n i s s i b l o  value.  3 , yat  r c k  point s l o q  tne 
path. The valuos OP aa and 5 are obtained by 
solving tne vector Q u a t i o n  ( 3 )  fog 3 succemivoly.  
with tno bounds on T given by Zquatioo (4 ) .  to  g ive  
sir pa i rs  of quadratic equationa i n  S. f o r  e a h  
poiat an tne path: 

The valuos of ziiand 3 abtained fr3n Squstion 
( 5 )  a re  tho upper and h r  bounds on 3 range o f  
permissibla acce lera t ions  ief ined 3y tbo 
capabi l i t i eo  of tno i t a  actuatar .  21early. tne 
pemisoib le  crccoleration f o r  the m8aipulatar a t  
eacn point 30 tno path, 5 ,  is 30. that satisfies 
all ac tua tor  conatraints .  3eace it auat Lie in tbo 
i a t e r s e c r i o y  of.. a11 tne ranges divan by q u a t i o n  
( 5 ) .  '3 < si < 5,. , Reference 13 snows that o t m r  
pnysioaf cons t r a in t s  can bo t reated i n  a similar 
mumor to a c t d a t o r  constraints .  Tho s i z e  of tho 
p o m i s s i b l r  acce le ra t ion  rsnge depends on tne 
valoci ty  5. Generally. aa the  manipulator 's  speod 
increaaes,  tho range of the permissible 
a c c e l e r a t i o m  nproaches p r o  (or  'sa = 3 ) ,  at so?e 
valie of tne veloc i ty ,  so. For s d r e a t a r  t u n  sa, 
no so lu t ion  f o r  tne accelerat ion 3 e x i s t s ,  whicn 
meana t ha t  the manipulator is not capaole of  
msintaiaing me path. P l o t i n q  I; (SI versus 3 ia 
tne pkso plan. yields a veloc i ty  f i n i t  curve. 11 
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I .  

t =!Ls 
P J s  

Clearly. the oigb.t tho velocity at each point 
along tho path, ttU snor t e r  the t r ave l l i ng  ti-. 
The t i a o  0 b t r i o . d  by mnventioaal cont ro l lors  is 
always longer than the o p t i d  t i n e  obtained by 
t n i s  algorithm. 

so 

Patn O p t i n i u t i o n  without Coostmint3 

d i t a  tho a b i l i t y  to find the miairnun travoling 
time do- a sp.cifiod p t h .  t , it i s  n o w  poraible 
to op t i a i ro  tno p t n  to ffnd the one r i t h  the 
smallest minimua t i m e .  ts. The tima t is 
calculatod during the optiD1zation, using i3qdtioo 
( 6 ) .  

F i r s t ,  tho pth is mpnaen tod  by a f i n i t o  set 
of  n s c a l a r  praaoten. at t o  an, .&ici can k 
u r i t t e n  i n  vector forr  aa: 

Aa discussed later, r r v e r a l  aothods f a r  parsmeter- 
it- mnrpu la to r  p t b s  were cons ib red .  There w i l l  
be a siagle v a l w  of t fo r  mcn  path, or sot of 
path prameten: P 

t = t (a) P P  
r o  f i n d  the op t imd  p t n .  t ( a )  is defined as 

the oojec t ive  (o r  cost  function) 'Jia). whim is to 
ba nininized in the form of  tne uncoostraiamd 
minimization problem: 

J(a) = t,(+ (9) . .  

h number of mothods ezist for tno numerical 
so lu t ion  af  a i s  problea. The procedura developed 
here is not restricted to a p r t i c u h r  technique: 
and soVera1 dore S U C C e 8 8 f U u r  rued in t h i s  study, 
including examativm march  techniques. The 
Pa t t e rn  S u r c n  mothod proved to bo ti10 moat 
e f f ec t ivo  for  tru majority of the  problem treated 
here. Mtbod l a  mom f o r  its a b i l i t y  ta 
porf o m  satlsfac t o r i l y  problem r i t h  a vide 

of those aetnods is b y o d  tne acope of t n i s  paper. 

Patn '3utimization u i t h  Obstacles mil Jo in t  :Iotion 
Constraint Ysine Iena l ty  ?unct~oos .  

The presence of iror~ space abs tac las  and j o i n t  
so t ion  l imi ta t ion8  add ndditional : o u t r s i n t s  t o  
the outilpization problom described above. r m e  

a re  inportant both w a u s ~  su r ipu l s to r  path. dnxcn 
Come too c l o w  to Othe r  oojects genera l ly  
w c c a p t r b l e ,  and b.cause tne motions Of 
w l p u h t o n  a r e  l i m t e d  by p rac t i ca l  design 
COMLieratioaa that q u i r e  t ne i r  JOlntS have only 
f i Q l t 0  ranges of movameata. The uncoaatrsined 
optimization a11 oftan find I t a  o p t i d  path in 
these unacceptable regions. These z o m t r a i n t s  can 
be r r i t t e a  in tne form: 

Bi - 0 

Whrrd g . ( a )  are tho obatacle COMtraint funCtiOa8. 
q 13 thd nunbor of obatrclea,  and and bhx 
a re  tho joint l i m i t s  on tho i t h  jo in t .  

Tne uncoaatrained optimization procedures, such 
aS tho80 descrtbod above, are not rpp l i cab le  t o  
t n i s  problam. The UH of cormtrsinod optimization 
techniques ia complicatod by tho f a c t  that tnen  
conatrainta am most a i l y  expresaod i n  d i f f r r o n t  
coordinatao, rorurpaca coordiaates f o r  obatacloa 
and j o i n t  space coordinate. f o r  j o i n t  limit*. 
Alur. because of such f a c t o n  a8 d w c  
disturbances. i t  uould bo undeairable t o  &vo tno 
manipulator movo along a constraint .  It would k 
more deairaable to  have the manipulator stas a080 
distance f r o m  the constraint .  This  distance vould 
i dea l ly  be s o l e c t d ,  in part. h a d  on the 
addi t iona l  t iso i t  ;.auld require. In shor t ,  a 
planner a u n t  bo u i l l i n g  to movo c loae r  t o  an 
object o r  a j o i n t  limit i f  tnat reaulted in a vary 
subs tan t ia l  tis* savings; otherwise ne uould moat 
l i k e l y  profar to s t a y  fu r the r  away from it. 

For these penalty function 
optimization approach reaso'6 wE selactmi f o r  this 
proolem. I n  th i s  method a weiwtad penalty fo r  
coning close to a coos t ta in t  is added to  the c o s t  
function, t (a).  Thus tne constrainud op t i a i za t ion  
problem isp recas t  into the acoaa t r a ined  form 
discussed move. The s ~ t n o d  a n  ba wed e a s i l y  fo r  
cons t ra in ts  expressed i n  dif  fe ren t  c o o r i i r u t e  
systema. e l i a i n a t i n g  tne need for computationally 
ia tans ive  soordinate transfomatioos.  P ina l ly ,  tne 
veidntinq f ac to r s  Trovide f l e r i b i l i t 7  ia s e l a c t i a g  
tne inportance of naintaining a l i s u n c e  from a 
spec i f i c  coaa t ra in t .  ?or the examples preaenead in  
t h i s  papor, the coa t  function UM modified to: 

mere tne 1'3 are the deidhting f ac to r s ,  tne 0.3 

a r e  pos i t ive  ia taqers .  usually w a n  as 2 .  the  d . ' s  
a r e  the n in i sa l  d i s tance  to the i t h  obs tac le  f $ o ~  
the path, J is tne number of j o i n t s  i n  tne  
manipulator, and Y is the number of  abs t ac l a s  i n  
trio environment. O F T A M  11 mea a table of various 
general  geomotcic ~ h . p e s  far computing tno minim- 
dls taaca  t o  obstacles.  !¶ore ~omplex oojec ts  can be 
coasidored umiw 30liJ nodellin8 techniques. 



Path SeVmsOntion 

hs d i s c w a d  wrlier. to  opt in izo  t h e  path i t  
n u t  bo r8praaent.d by a f i n i t e  set of s c a l a r  
paramten La, '9 ,.... a 1- T ~ O  ~ a r g a r  t ne  nrupber 
of variables wed, tu %otter tne o p t i u l  so lu t ion  
because tno a p t i d s t i o n  haa mre f l r r i o i l i t y  i n  
findrag tno a i n i m  tiao path. The disad.rsntqa of 
w i n g  I l a rge r  m o r  02 parameters is tnat tne 
computation ti- rill  be la rger .  The above p a t h  
op t i a i za t ion  setbod is not dependent upon any 
par t i cu la r  typo 02 w t n  npresen ta t ion ,  and a 
nuaber of sethods ware considered in cnia study. 
The tnree that proved nos t  . d f e c t i v e  rera: St ra i an t  
l i n e s  connected by c i r c u l a r  arcs: parturb4tioos 
about a s t r a i g n t  line by a l o u r i e r  s e r i e s ;  and 
sp l ines .  Them b v e  bean in tag ta tad  in to  .the 
O P T A M  11 program. 

St ra ign t  l i n e s  and c i r c u l a r  a r c s  have tno 
advantage of boing easy t o  visualize:  and mariy 
robotic manipulator program languaaes already use 
these functiona f o r  path np resen ta t ions .  Fourier 
serias representations,  being d i s  t ri outed 
functions,  ware found to bo e f f i c i a n t .  Splines 
hove tbe advankde that they ailow easy 
manipulation of the path 's  anape mile requiring 
only a l imited number of p r u o t e r s .  They are also 
commonly usad i n  CAD systama to model curved i i n e  
segments. Bence they ara coapatibla r i t n  the 
software uaad to model the conplax geomrtry 02 
obr tac les  and tne manipulator its The r e su l t s  
presonteil w l o w  usd Besior and tne we 
of tnis technique for path representation is 
presented belou. 

An individual Berisr spline.  ca l led  a span. 
definos a c w e d  l ine betdean points. Spans can oe 
coaoinad t o  farm one l a rgo  s p l i n e  defining too 
e n t i r e  curve ovar a l a rge  number of points. 
matchild der iva t ives  a t  connections Setveen spaoa. 
The cubic form of tne 3ez ia r  Spline is: 

unere ~ ( u )  is a point on the ~ p l i n a ,  an l u l  vector 
in  n dineasional space. The zi are  the ton t ro l  
po in ts  m i z h  define thr spline.  and u is a scalar 
var iao la ,  ;urually set to vary botvom 0 mil 1.  The 
poin ts  r tnrougn + are snom in liar3 2.  Tha 
b z i e r  SOpline is sat up so a t  tne sp l ino  prrsor 
throuqn 2, and s3, and is tangent to the l i n e s  
defined by r rl pDd f . rhe sp l ine ' s  snaps Fa 
modified by z j u a t i n g  %m3positions of f ,  m d  Q. 
The pos i t ions  02 thr f l  and s2 vectors can oe 
varied to obtain gonoral geometric curves sucn aa 
s t rn ign t  l i n e s ,  parabolas. and c i r cu la r  arcs. 
Here, 2 is tno the 6 x 1 vector 11, rh icn  dsf ines  
tne position and or i en ta t ion  af  tne manrpulatar's 
end e f fec to r  on its p t a ,  Jnd u is a norsalized 
d is tance  a l o u  the patn, squivalent to  3. 

S r i t i n g  q u a t i o n  (12) in matrzx fora ,  tne s p l i n e  
repressnation of tne manipulatar path becamas: 

vni:h has the fon: 

The partial de r iva t ives  Of the path with respect 
to  tne distanca along the putn, 3, required by 
Quat ion  set (21, are obtained by d i 2 f e m n t i a t i n g  
tne p matrix. For axampls: 

and tnus: 

Tboae a a t r i x  representatioaa of tne sp l ine  patha 
and thoir de r iva t ives  are eaaily in tegra ted  into 
SPPAW 1s. Tho variaDlsa d e l i n i u  the locations of 
the control points composo the praaeter voctor. a, 
i n  tna path optimization. It  n i w t  also bo nut& 
taat it is poar ib la  t o  pernit the end point 
location8 t o  " f loa t "  during tne o p t i s i z i t i o n ,  vnich 
essan t i a l ly  opt in izos  tho loca t ion  of tho 
s rn ipu la to r ' s  uork s ra t iooa .  Tho penalty function 
approach can bo used t o  enaura tnat tneso loca t ioaa  
are r a p t  i n  appropriate piacas. 

Pig. 2. A 3 Dimensional Beziar 5p l ine  Span. 

OPTARX IL i n t e g r i t a s  the basic op t i aa l  control 
alaoritnm - 4 t h  pa th  representation. obs tac las  
modeling, and path optimization suorautiaos t a  
optimize au toaa t r ca l lp  tho motions of aanipulntars.  
Jxamples of tne results ootained from O P T A M  11 are 
presented belou. The f i au res  are annotated versians 
o f  those produced oy the O P T A U  I1 grapnizs 
in te r face .  



- O p r l r i u t i o n  of the !totion Along P Spocifiod path. 

Application of tho buic metbod, without path 
op t i r ixa t ion ,  Cm fli.16 vory aubmtantirl 
topto*uont. LO p r f o n u n c o  over conventional 
control mat- KO- tho aanipula t s r  moves f n n  

in Yore A- 1, to Sf, in doru Areu 3, along a 
z t h  UtLich hu b0.n cb0-n m u a l l y  to bo a " s o d  
path". avoadin( tho obmucloa formed by dork X r o a  2 
n t h  its TV c-m. This patn is callod an 
Fntu i t i t t .  path. Tho WOrY spce coordinrtes of 3, 
and S a n  (1.25.0.3.3.5) and (4.5.-2.0,-1.25), 
respoc€ivo~,. me top v i ru  of tais patn and uorg 
placo is snom in Figure 3. The path b a  beon 
constructad i n  the t yp ica l  i ndua t r r a l  amnor  f r o m  
straignt line sognonts joinod by c i r cu la r  arzs. 
Tho aamo path is ahoun in A porspoctive v i o r  in 
?igun 1.  

In convontiorul l un ipu l r to r  cont ro l  tho t oo l  
po in t  oovos along its prsprogrammed patn Iron its 
initial point to its final point,  a t  a spociffod 
conatant spood. Tho -.tarn typica l ly  uses conatant 
accolora t ion  and doco lon t ion  a t  tho end points. 
Tho V a l U 0 8  of th. conatant accolerstion, 
d e c o l r n t i o n  and voloc i ty  ar0 aolectod so a t  tho 

point. This amma that  a t  m o t  points on tho p t n  
tho  Yreipulator is n o v i q  slower man i t  cu i ;  and 
thoroforo its t ravol  tima is lowor tnan tno 

d p U h t O r  do08 W t  1-V. th@ r0qUir.d pAtn A t  

Op t iMl  

Pia. j. Top View of A l lroipulator on its In tu i t i vo  
Path. 

Tho oonventional cont ro l  t r a j ec to ry  ia tno ~ M S O  
plmo, 3 - 3. is shorn iP figure 4. As explarned 
e a r l i o r ,  i f  tho manipulator an ters  i i t o  tne regioa 
above the L i m i t  Curve its a c t u t o r s  r i l l  bo 
sa tura tod  and i t  Vi11 leave its preacribd path. 
The convontion8l cont ro l  i s  cnosen to MY. tho 
highest constant ve loc i ty  that u i l l  not exceed tnrs 

limit. Th~s as lono by jwt ~ v i 4  tho conatant 
ve loc i ty  sec t ion  Jut pass under tno iouost point 
of tho l ia t t  iurvo. Tho tiae ~ O ~ U L F ~  to coaploto 
the wvo  v l tn  the conventiorurl cont ro l  is 
calculated uinq &patron ( 6 ) ;  f o r  t h l s  C A ~ O  it is 
1 .28 seconds. 

Also sno'm i n  limrs 4 is the o p t h a 1  t r a j ec to ry  
C&%alted by 3PTAiCV :I f o r  t n l s  path. it h m  th roe  
swi t ch iw  points sad achieves hisnor ve loc ic ies  
than the coaventional oont ro l  fo r  P aood portion of 
the path. There is a sv i t cn  to  doceleration so tno 
t r a j ec to ry  jusr pasoa u d e r  the l i m i t  cum.. A t  
t h i s  point tne t r a j ec to ry  s r i tchoa  to accolera t ion  
to  gain as mtcb sped M poasibLo befor8 i t  
suitchoa to the  decoleration r o q u i n d  to s t o p  a t  
tho f ina l  posit ion 

n o  d I 

0 . 0  t . 0  1 .0  S W  
D.erhp. )nk.l I - 1 I I i 

Pig. 4. P h s e  Plan. Trajec tor ies  of Conventional 
and O p t i m a l  So t iom fo r  the I n t u i t i v e  Path. 

Tbo op t i aa l  l o s ion  requi r r s  only 0.79 seconds. 
Tho conventional control -3s 62% longor than t he  
o p t i u l .  This is a very subs tan t ia l  improvemmt i n  
porforsanco. Tho computar arapnics fasuraa of tne 
program pormits tae d isp lay  of the optimal dynamic 
motion of the san ipuls tor  in rem1 tiaao. rho pmojrsm 
also provides otnor important iesi&n and opors t iag  
in fonu t ion .  3ucn as poiier consumption and ac tuntor  
torque prof i las .  Tho torque p r o f i l e s  f o r  t h i s  saae 
s r e  snoun i n  Figure 5. 

Pig. 3.  OPT^ iI Actuator TOtqUO P r o t i l e r  f a t  tno 
I n t u i t i v o  Path, 8-a VI '3. 
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Th. C.80 doacrabd  Fo tho previous aaction v u  
thma o p t u i u d  wfo( O P "  SI. Tho aid point. 
w o n  uopt thr rru and tho progru optimared tho 
path. Thr mifi.1 path f o r  this optimization 
p r o c o u  is simply straiat ILM connectlog 
tho intial a d  21-1 points.  not a par t icu lar ly  
sophis t icatod c b r c o .  Tho resu l t ing  optimal p t b  
i8 shorn in figure 6 along with tne i n tu i t i ve  path. 
Tho t ino  to a010 d o n g  ais  path 1s 0.47 seconds 
ln th  tw spl- spum. Thrs mignt DO conpared to  
.79 soconds f o r  tho opti-1 motlon a l o n g  tno 
i n t u i t i v e  path, 60% longer. This opt tmd path 
paasas ovor l o r k  A- 2 and under tne TV 0 1 0 . ~  
m i c h  may o r  m y  not k acceptable. It  nasht k 
m t o d  that this i u  10s. t u n  one nalf  of tne tino 
f o r  tho i n t u i t i v e  path witn conventional control.  a 
vory sxgnif icant  improvuont LO performuco. 
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Fig. 6.  Uncorutrainod T i m 0  Optimal Pa th  (Uitnout 
Regard f o r  Obstacla8) 

Tho phaso plan. diagrsa f o r  t h i s  opt is izod patn 
is u l o m  in iriqure 7 do- with its l i m i t  curve. 
Also skaovll in ais f iguro  is tne  optimizod 
t r a j e c t o q  f o r  ttr. i n t u i t i v e  patn ropeatod from 
F i y .  4. In o p t i d s i n g  tho path. tho program baa 
fouod a p.th uith I s i a e a n t l y  nianer limit J U N ~ .  
This pornits a hi-r t r a j ec to ry  in tae pnuo p h o  
vnich rosu l ta  in a shor tor  aova time. r e fo r  to  
Equation (6) .  It miat daa  k notad that an i l e  
tho intuitive path roquimd tnree sv i tcnes ,  the 
optimal path roquine o a y  one switch. This a130 
sorves to dacroaao tho motion tiae. 

Tho one-span sp l in r  opti-1 path, aa r i a n t  bo 
expoctod. gavo a s l i g h t l y  longer tiae of 3 . a  
seconds. Tho on.-span sp l ino  requires ~oaawnat  Lsas 
computation timo. I n  any event. t n s  :asputation 
tin88 f o r  this aothod do not represent a severe 
burdon; the method is c lea r ly  intended as an 
off-1- u l a n n i q  techniquo and tnerefars  does not 

lud to  h . V e  nil tw C O . p i t * t i O M l  Sp..d. 
11 

O P T A M  
reqU-8 Jut I fOU S O C O d 8  Of CO~pit . t iOn tw 

on a .UcroVu 11 ta optamitu tbe motion do- a 
g1V.n path. A path opt iaat . t ion rill tfpmall7 
convergo to wathxn f ivo  porcent o? tho truo 
op t i aa l  witn about 53 to 100 i t e r a t ions .  depending 
upon tne  i n i t i a l  path cnosen to start tho pracodun 
a d  the roa t r i c t ioa8  on tho w e  of ncceptablo 
p8tha to bo conaidormi. An ef fec t rve  optroaz8tion 

For ksrs which an to bo r e p a t o d  a numkr of 
tames. tha increases i n  productivity would sost 
ZertainLy make t h i s  a cos t  effective procoduro. 

C m  USlully k CO@Otod U MhLteS Of zm ttM. 

.HO d 
1 0  1.0 S- 0 . 0  

Pig. 7. Ph.80 P l w  D l y l r u  f o r  Ilncoaatr8inad 
Optimal Path. 

P i t h  Optimization vita 3batacles and Jo in t  llotion 

Nor consider tho p n v i o u s  exuplo, but mer. 
having the manipulator paas under tho TV caman ia 
UMCCOptabh. In ordot  to solve this problem th. 
caaara and tho region d i r r c t l y  b d o r  tno c m n  
*ere designated as obstacles  t o  3PTM IS.- Tho 
optimization procedure uas  repoatod. wain with an 
i n i t i a l  path of i s t r a i a t  LiM botd0011 tllo end 
points. The j o i n t  angle limits were su f f i c i an t ly  
outside the raws sf prospactivo pa tha  taat thoy 
did not play o s i g a f i c a n t  role i n  tne 
opt i r iza t ion .  The resu l tan t  p8 tn  it shoun i n  
Figure 3 along w i t h  tne unconstraii ted optimal 
patn. Figure 9 snom the f i n a l  optimized pauo 
plaru d i a g r u  f o r  this CMO. Tho limit cwo is 
n o w  lower i n  tho m s i o n  of tho obs tac l r  rn tno path 
is farcod away from tbo caura by tho p r u l t y  
function. Tho t r ave l  t i m e  haa i n c r o u e d  from tho 
unconstr8in.d cas0 valw of 3.47 second. to 0.53 
seconds. This is a r e l a t ivo lg  wril incream, and 
tne tool point PO Loager passu t h r o w  tho cuora 
f i e l d  of view. It should bo mtod tnat this path is 
fu r the r  w a y  from the -ora thaa tno o r ig ina l  
i n t u i t i v e  optimal path and h s  a mucn snor t e r  m v e  . 
time. The minisun d is tance  to  a0 obstacla  could 
be increased o r  decreaeod simply by cnangiu tho 
ueiantiag f ac to r  in tna  p a a l t y  function. O f  
course, thore would k a cornapondi- i n c r u a o  o r  
decrease in tho r o t i o n  timo. Tho coaputation ti- 
fo r  t h i s  cas. w a s  v i r t u l l y  tno .u. am too 
unconstrained optimal p t n  1x80. 



Fig. 8. T i u  O p t i m l  Corutrainod and Unconstrained 
Paths. 

4 0  

Pig. 3. Pnare Plano 3pt imd Tra jec tor ies  f o r  
Coantrrined snd [Inconatrrined Paths. 

Tn t h i s  paper a metnod is presented m i z n  fiads 
t ne  a i n i l u n  t i n e  s o t i a n s  f o r  o manipulitar Srtreen 
airen end states. It considers tne f ~ l l  mn-l inear  
dynamics of tno n m i p u h t o r  urd tne s a t u r i r i o a  
c h a r s t o r i s t i c s  of its actilYtors. 3 s i W  s p n a l t y  
function approach, i t  accounts f o r  tne presrnca of 
obstaclea in tho wars space and m s t r i c t i o n a  on tne 
w t i o r u  of me a r o i p u h t o r ' r  j o in t s .  IC  s h o n  tMt 
tho technrquo can alao ioclude suca constr i ints  M 
tho Ju inur r  dyrunio forces  taat :an be t a l e ra t ad  by 
the objact  king nuripulated,  and tne dr ipper .  Tha 
method .Us proveo to k computation3LLy p r i c r i c a l  
and has been implemented i n  a Compuzar k i i e d  Sesign 
(CAD) software p c ~ y e ,  cal led 3 P r . m  :I. atanplea 
of tho of tne rethod a i t n  1 six iedree-of- 
freedom a r t i c u l a t e d  M n i p u l t t o r .  p r f o r n i q  t.1913 
in a t yp ica l  hi@p st ructured snvirooment, ar3 
presented. me r e s u l t s  jnav tnar ~ u o s t a n t i i l  
improvements i n  systam performance :4n be icnrsved 
with tne tacnnique. 
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